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OBSTRUCTIONS TO PLANARITY OF CONTACT 3-MANIFOLDS
PAOLO GHIGGINI, MARCO GOLLA, AND OLGA PLAMENEVSKAYA
Abstract. We prove that if a contact 3-manifold admits an open book decomposition
of genus 0, a certain intersection pattern cannot appear in the homology of any of its
symplectic fillings, and morever, fillings cannot contain certain symplectic surfaces.
Applying these obstructions to canonical contact structures on links of normal surface
singularities, we show that links of isolated singularities of surfaces in the complex
3-space are planar only in the case of An-singularities, and in general characterize
completely planar links of normal surface singularities (in terms of their resolution
graphs). We also establish non-planarity of tight contact structures on certain small
Seifert fibered L-spaces and of contact structures compatible with open books given
by a boundary multi-twist on a page of positive genus. Additionally, we prove that
every finitely presented group is the fundamental group of a Leschetz fibration with
planar fibers.
1. Introduction and background
Since the groundbreaking work of Giroux [8], open books have played a major role in
3-dimensional contact topology; certain properties of open books are related to ques-
tions of tightness and fillability. While a compatible open book decomposition is not
unique, one can ask what the smallest possible genus of a page is.
In particular, contact manifolds that admit planar open book decompositions (i.e.
with page of genus zero and possibly multiple boundary components) have a number
of special properties. For example, Etnyre showed that any symplectic filling for a
planar contact structure has a negative definite intersection form [4]; it follows that any
contact structure that arises as a perturbation of a taut foliation cannot be planar. This
implies, by [11], that if Y is a graph manifold which is not an L-space, then Y admits
a non-planar contact structure. (Recall that L-spaces, whose name derives from their
Floer-homological similarity to lens spaces, are 3-manifolds with the simplest possible
Heegaard Floer homology [20].) By contrast, all contact structures on lens spaces are
planar [21]; the same is known for some other L-spaces, although in general L-spaces
can admit non-planar contact structures as well [12]. (Note that overtwisted contact
structures are always planar by [4].)
In this paper we develop new obstructions, in terms of conditions on the intersection
form of a Stein filling and presence of certain symplectic surfaces in weak fillings, and
rule out planarity for a number of interesting contact structures. All contact manifolds
in this paper are assumed closed and co-oriented. Before stating the general conditions,
we interpret our obstructions for canonical contact structures on links of normal surface
singularities. Our first result is for isolated singularities of hypersurfaces in C3, the
second is for more general surfaces. (The definitions involved in the second statement
are more technical, and we defer them to Section 5.)
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Consider a complex surface Σ ⊂ CN with an isolated critical point at the origin. For
a sufficiently small ε > 0, the intersection Y = Σ ∩ S2N−1ε with the sphere S2N−1ε =
{|z1|2 + |z2|2 + · · ·+ |zN |2 = ε} is a smooth 3-manifold called the link of the singularity.
The induced contact structure ξ on Y is the distribution of complex tangencies to Y ,
and is referred to as the canonical contact structure on the link. The contact manifold
(Y, ξ) is independent of the choice of ε, up to contactomorphism.
Theorem 1.1. Let (Y, ξ) be the link of an isolated singularity of a complex surface in
C3 with its canonical contact structure. Then ξ is planar if and only if the singularity
is of type An.
Theorem 1.2. Let (Y, ξ) be the link of a normal surface singularity with its canonical
contact structure. Then ξ is planar if and only if the singularity has a good resolution
whose graph is a tree of spheres with no bad vertices. In particular, if ξ is planar, then
the singularity is rational.
The “if” direction of Theorem 1.2 was proven by Scho¨nenberger [21]. From a differ-
ent perspective, contact structures on links of singularities whose graphs have no bad
vertices were discussed by Ne´methi–Tosun [15], who showed that in this case the Milnor
open books (associated to the Artin cycle Zmin) are planar. (In [15], the absence of bad
vertices translates to the condition Zmin = E, where E is the exceptional divisor of the
resolution.)
As a corollary of the proof, we obtain the following; we say that a singularity is planar
if the canonical contact structure on its link is planar.
Corollary 1.3. There can be no strong symplectic cobordism from a non-planar normal
surface singularity to a planar one. In particular, a planar normal surface singularity
cannot be deformed to one where the link is not planar.
This corollary goes in the direction of arguing that there can be no Weinstein cobor-
dism from a non-planar contact structure to a planar one, or, more generally, that the
support genus is non-increasing under symplectic cobordisms.
For general planar contact manifolds, we show that a contact structure given by a
plumbing graph with a bad vertex cannot be planar if the vertices adjacent to the bad
one have weight −2 or −3, as in conditions (1).
Theorem 1.4. A planar contact manifold cannot have a Stein filling W with the follow-
ing property: for some k > 0, there exist homology classes B1, B2, . . . Bk, X ∈ H2(W )
such that
Bi ·X = 1, i = 1, . . . , k
Bi ·Bj = 0, i 6= j
Bi ·Bi ∈ {−2,−3}, i = 1, . . . , k
X ·X > −k.
(1)
In other words, the intersection graph of W cannot have a configuration shown in
Figure 1.
In particular, we have the following corollary for small Seifert fibered L-spaces:
Corollary 1.5. Tight contact structures on a Seifert fibered space M(−2; r1, r2, r3) are
never planar if this manifold is an L-space and r1, r2, r3 ≥ 13 .
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x
Figure 1. This intersection pattern cannot appear in the homology of a
Stein filling of a planar contact structure if −x < k, ai = −2 or ai = −3
for each i. There can be more edges going out of each of the vertices
labelled with ai and out of the central vertex. All weights on additional
vertices are also supposed to be negative.
Here we use the notation M(e0; r1, r2, r3) for small Seifert fibered spaces; e0 ∈ Z,
ri ∈ (0, 1) ∩ Q, and the space is given by surgery diagram in Figure 2. Contact struc-
tures on these spaces were extensively studied (see e.g. [12] and references therein);
classification of tight contact structures and some (non-)fillability results are known in
many cases. Many contact structures turn out to be planar: every contact structure
on M(e0; r1, r2, r3) is planar if e0 ≤ −3 [21], and the same is true for M(e0; r1, r2, r3)
for e0 ≥ −1 whenever this manifold is an L-space [12]. Corollary 1.5 contrasts these
planarity results.
e0
− 1
r1
− 1
r2
− 1
r3
Figure 2. The Seifert fibered space M(e0; r1, r2, r3).
Our results stated above are special cases of a rather general examination of the ho-
mology of possible Stein fillings. The major tool comes from Wendl’s theorem, saying
that any Stein filling of a planar contact manifold admits a Lefschetz fibration with the
same planar fiber, and whose vanishing cycles can be obtained by a positive factoriza-
tion of the monodromy of the planar open book [24]. Note that Wendl’s theorem is
extended to show that any minimal weak symplectic filling of a planar contact structure
is deformation equivalent to a Lefschetz fibration with the same properties [25]. Given
a Lefschetz fibration, we can compute the homology and intersection form of the filling
from the factorization of monodromy; together with the examination of all possible
fillings, this leads to proofs of Theorems 1.1 and 1.4.
In the proof of Theorem 1.2, we consider the plumbing of symplectic surfaces and
make use of the following statement, which we think is of independent interest.
Theorem 1.6. If a contact 3-manifold (Y, ξ) has a symplectic filling containing a sym-
plectic surface of positive genus, it is not planar.
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As an immediate corollary, we prove non-planarity of Boothby–Wang contact struc-
tures for g > 0 and extend some results of Wand [23, Corollary 7.6]. Given two integers
g ≥ 0 and b > 0, we denote by Σg,b the surface of genus g with b holes, and by τ∂ the
boundary multi-twist, i.e. the product of right-handed Dehn twists along each bound-
ary component. In fact, Yg,b is the total space of the circle bundle with Euler number
−b over a surface of genus g, and ξg,b is the Boothby–Wang contact structure on Yg,b;
i.e. it is the (convex) boundary of the symplectic disk bundle over a surface of genus
g, and Euler number −b; see, for instance, [5]. Since the 0-section of the disk bundle is
symplectic, we have
Corollary 1.7. Let (Yg,b, ξg,b) be the contact structure supported by the open book
(Σg,b, τ∂); in other words, ξg,b is the Boothby–Wang contact structure on the circle bun-
dle Yg,b. Then ξg,b is planar if and only if g = 0.
It is useful to compare our obstructions to previous results. As noted above, Etnyre
proved that any symplectic filling of a planar contact structure is negative definite, and
that for a planar integral homology sphere, any symplectic filling must have a diagonal
intersection form [4]. This implies, for example, that the canonical contact structure
on the Poincare´ homology sphere (the link of the E8-singularity) is not planar. In fact,
one can observe that Etnyre’s proof yields a stronger statement: the intersection form
of any symplectic filling of a planar rational homology sphere embeds in a diagonal
lattice of some (possibly higher) rank. It follows that the canonical contact structures
on the links of the E6- and E7-singularities cannot be planar, either. On the other
hand, Etnyre’s result gives no information for the links of the Dn-singularities, as the
corresponding intersection forms embed in the standard lattice.
Another obstruction to planarity, in terms of Heegaard Floer homology, was devel-
oped by Ozsva´th–Stipsicz–Szabo´ [19]. This obstruction is also trivial for the links of
the Dn-singularities. More generally, the Heegaard Floer obstruction is always trivial
for L-spaces. By contrast, our obstruction often gives non-trivial information in the
case of L-spaces, see Corollary 1.5 above.
Using factorizations of mapping classes, Wand gave another obstruction to pla-
narity [23]. Wand’s results are closer in spirit to ours, as he also uses Wendl’s the-
orem and examines topology of fillings, however both the specific approach and the
obstruction Wand obtains are different from ours. In particular, Wand shows that the
sum of the Euler characteristic and signature is the same for all Stein fillings of a pla-
nar contact manifold. Then, if one is able to find two weak fillings W1, W2 for (Y, ξ)
such that χ(W1) + σ(W1) 6= χ(W2) + σ(W2), it follows that (Y, ξ) cannot be planar.
(Wand also examines how certain relators in the mapping class group affect χ + σ.)
However, this obstruction fails to address the case when there is a unique filling; for
example, it is known that the filling is unique for the links of the Dn-singularities [18],
so Wand’s approach gives no obstruction. Wand’s obstruction is also trivial when the
underlying contact 3-manifold is a rational homology sphere, and all its fillings are
negative definite (this is true, in particular, for all L-spaces); indeed, for a negative def-
inite Stein filling W of a rational homology sphere we always have χ(W ) + σ(W ) = 1
since b3(W ) = b1(W ) = 0. We are also able to answer a question of Wand in our
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Corollary 1.7, proving non-planarity for a family of contact structures that cannot be
handled by Wand’s means (see [23, Corollary 7.6] and subsequent discussion).
As a byproduct of our intersection form calculation, we also get the following corol-
laries. These were first proven by Oba [17, Lemma 3.1, Lemma 3.2] using the Heegaard
Floer obstruction from [19]. It is instructive to obtain these results more directly, from
the basic topology of fillings.
Corollary 1.8. Let (W,ω) be a weak symplectic filling of a planar contact manifold
(Y, ξ). If B ∈ H2(W ) is a class of square −1, B is represented by an embedded sym-
plectic sphere that can be blown down.
Corollary 1.9. Let Y be an integral homology sphere, equipped with a planar contact
structure ξ. Then any minimal weak symplectic filling of (Y, ξ) is an integral homology
ball.
Non-trivial examples of fillings as in Corollary 1.9 do exist; a number of examples
were constructed by Oba [16]. More generally, we show that one can construct Stein
fillings with prescribed fundamental groups.
Proposition 1.10. Every finitely generated group is the fundamental group of a Lef-
schetz fibration with planar fibers.
A more precise version of this statement, yielding also examples for Corollary 1.9, is
given in Proposition 6.1. Note that Proposition 1.10 is similar to a theorem of Amoro´s–
Bogomolov–Katzarkov–Pantev [1] and to Gompf’s theorem [9]: Gompf showed that any
finitely presented group is the fundamental group of a closed symplectic 4-manifold, and
in [1], a closed symplectic 4-manifold with prescribed fundamental group is constructed
as a symplectic Lefschetz fibration over a closed surface. Unlike [9, 1], where no bounds
are given for the genus of the fiber, we work with manifolds with boundary but restrict
to Lefschetz fibrations with planar fibers.
Organization: In Section 2, we explain how to compute the intersection form and first
Chern class of the filling constructed from a positive factorization of the monodromy of
a planar open book, and prove Corollaries 1.8 and 1.9, and Theorem 1.6. In Section 3,
we prove Theorem 1.1 (after considering the key example of D4). In Section 4, we
prove Theorem 1.4 and Corollary 1.5. In Section 5, we prove Theorem 1.2. Finally, in
Section 6 we discuss fundamental groups and prove Proposition 1.10.
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2. Computing topological invariants of a planar Lefschetz fibration
In this section, we explain how to compute the intersection form and the first Chern
class for a Lefschetz fibration over a disk with planar fibers. The second homology
classes of a Lefschetz fibration are given by certain linear combinations of the vanishing
cycles, and both the intersection form and the evaluation of the first Chern class can
be found directly in terms of the vanishing cycles. This is a consequence of fairly
straightforward topological considerations, and we think that these facts, especially
Proposition 2.1, should be known to experts (see Remark 2.2 below), but complete
statements and the proofs seem to be absent from the literature.
Let P be the planar page of an open book decomposition of Y ; P is the disk D
with a few holes. Let us assume that the monodromy φ of the open book is the
product of positive Dehn twists about homologically non-trivial simple closed curves
α1, . . . , αm in P for some m. Each curve αi divides P into two components, and we
orient it as the boundary of the region Ai disjoint from ∂D. With this orientation,
αi defines a class in H1(P ); by abuse of notation, we also denote this class by αi.
For convenience, we will also assume that the αi are smoothly embedded and that
they intersect transversely. This implies that the union of the αi disconnects P into
finitely many connected components. Unless otherwise stated, homology is taken with
coefficients in Z.
Let W be the total space of a Lefschetz fibration over a disk D. If D′ ⊂ D is a small
disk that contains no critical points, then W is obtained from P × D′ by attaching
2-handles to copies of the vanishing cycles contained in the vertical boundary P × ∂D′
so that distinct handles are attached along knots contained in distinct fibers.
We first describe H2(W ) and give a convenient way to visualize homology classes.
We use the exact sequence of the pair (W,P × D′); since P × D′ retracts onto P , we
can replace the former with the latter:
0 −→ H2(W ) j∗−→ H2(W,P ) ∂∗−→ H1(P ) −→ H1(W ) −→ H1(W,P ) −→ 0.
The group H2(W,P ) is freely generated by the cores of the attached 2-handles; we can
identify these generators with the vanishing cycles. Next, H2(W ) is isomorphic to im j∗,
which in turn equals ker ∂∗. So H2(W ) can be identified with null-homologous linear
combinations of vanishing cycles (thought of as 1-chains in P ).
Further, in H1(P ) a linear combination b1α1 + b2α2 + · · ·+ bmαm is null-homologous
if and only if the total winding number at each hole of P is zero. Notice that the curves
correspond to distinct vanishing cycles, but their homology classes may coincide. In
our setting, each αi is a vanishing cycle, so it is a simple closed curve on the planar
surface P ; then, with the chosen orientation convention, each αi has winding number 0
or 1 at each hole.
We represent the homology class corresponding to the linear combination αb =
∑
biαi
as follows. Consider the linear combination of 2-chains Ab =
∑
biAi in P . While it is
possible to compute the self-intersection already at this point, using transversality for
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singular chains, we find it more satisfactory to represent homology classes by embedded
surfaces as follows.
Since αb = 0 ∈ H1(P ), the multiplicity of the 2-chain Ab has multiplicity 0 near each
boundary component of P , its boundary is αb. We construct a surface representing
[αb] as follows. Let D′′ = 12D′ ⊂ D′ be a smaller disk, and identify its boundary with
S1 ⊂ C. Let |b| = ∑ |bi|, and consider |b| fibers P1, . . . , P|b| of P ×D′ over the points
ηj = exp(2piji/|b|) in ∂D′′. Rewrite the sum
∑
biAi as ε1Ai1 + · · · + ε|b|Ai|b| , where
each εi is ±1.
Look at a hole h of P . We ignore all indices i such that αi has winding number
0 around h, since the corresponding 2-chain Ai is disjoint from h. Since the winding
number of αb around h is 0, all other indices, considered with their multiplicity, can be
paired up; more precisely, we can rewrite Ab = Aj1 −Ak1 + · · ·+Ajn −Ajn +A′, where
A′ is a 2-chain disjoint from the hole h.
Using a standard innermost argument and connecting the paired-up 2-chains by
tubes, we can actually tube away all intersections of Ab with h × ∂D′′ by adding
cylinders that are parallel to ∂h× ∂D′′ in P × ∂D′′. The result is an embedded surface
in P × D′ whose boundary consists of a number of vanishing cycles. In W , vanishing
cycles are null-homologous, so they can be capped off to make an embedded closed
surface in W representing the given homology class. See Figure 3.
Now we can determine the intersection form of W , by computing the intersection of
two classes. Given two classes B and B′, we construct their representatives as above,
starting with fibrations over disjoint small disks D′1 and D′2 away from the critical
points. The parts of the surfaces contained in P × D′1 resp. P × D′2 are then disjoint,
but intersections may appear after we cap off the vanishing cycles on the boundary of
these surfaces. This is schematically depicted in Figure 4. Intersections now come in
two sorts: (i) the self-intersection of the cap (thimble) corresponding to the vanishing
cycle αi, and (ii) the intersection of the caps corresponding to the distinct vanishing
cycles αi and αj. In case (i), this self-intersection equals, by construction, the framing
of αi, relative to the page P along which the corresponding 2-handle is attached. In
other words, each such cap contributes (−1). In case (ii), the intersection of caps is
given by the intersection of the curves αi and αj on the page P . Since P is planar,
we see that αi · αj = 0 for the simple closed curves αi and αj; thus, case (ii) gives no
contribution.
Note that at this point of the proof we use planarity in an essential way; the formula
would have additional terms for a higher-genus page (see Remark 2.2 below).
To sum up, the intersection of two homology classes in a planar Lefschetz fibration
can be found simply by counting the number of vanishing cycles shared by the linear
combinations representing these classes. We have obtained the following proposition.
Proposition 2.1. Consider two homology classes B, B′ in H2(W ), corresponding to
two null-homologous linear combinations b1α1 + · · · + bmαm and b′1α1 + · · · + b′mαm of
the vanishing cycles. Then
B ·B′ = −(b1b′1 + · · ·+ bmb′m).
In particular, B ·B = −(b21 + · · ·+ b2m).
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A2 A3
A1
(a) The three curves α1, α2, α3 and
the corresponding regions A1, A2, A3.
η2
η1 η3
(b) The surface representing the homology
class: the three × denote the critical point
of the projection associated to α1, α2, α3, and
the corresponding cones are the three Lefschetz
thimbles.
Figure 3. Constructing an embedded surface representing a homology
class; in this case, the linear combination is α2 − α1 − α3.
Remark 2.2. A version of Proposition 2.1 holds in the case of a higher-genus fiber,
with a similar proof, but there are extra terms given by the intersections αi · αj that
can be non-trivial in general. This fact is mentioned, without proof, in the course of
the proof of [2, Lemma 16]. We focused on the planar case sufficient for our purposes
as the statement is simpler and the surface representatives are easier to visualize.
Corollary 2.3. Let W be a Stein filling of a planar contact 3-manifold, and B ∈ H2(W )
a non-zero homology class. Then B ·B ≤ −2.
Proof. We know that B · B < 0. The class B corresponds to a null-homologous linear
combination b1α1 + · · · + bmαm, where not all of the coefficients bi vanish. Suppose
that B · B = −(b21 + · · · + b2m) = −1, this implies that all bi vanish except for one,
say b1 = ±1. But this contradicts the fact that all vanishing cycles are homologically
essential in P . 
We immediately get Corollaries 1.8 and 1.9.
Proof of Corollary 1.8. Let W be a weak symplectic filling of a planar contact manifold
(Y, ξ). Suppose that B · B = −1 for a class B ∈ H2(W ). By [25], if W were minimal,
W would be deformation equivalent to a Stein filling (given by a Lefschetz fibration
with planar fibers), and so the previous corollary would give a contradiction. Suppose
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Figure 4. The red and green figures are meant to represent two embed-
ded surfaces constructed from two linear combinations of cycles as above.
The tubes lie over the green and red circles. Intersections happen over
the regular fibers (dotted) and over the vanishing cycles (crossed).
now that E is the homology class of an exceptional divisor in W ; if E = B the proof
is complete. We claim now that, if E 6= B, then E ·B = 0. To this end, let B · E = x,
and look at the subspace of H2(W ) generated by E and B; the intersection form of W ,
restricted to this subspace, is
( −1 x
x −1
)
, and this matrix is negative definite if and only
if x = 0. It follows that W can be blown down along a sphere in E, and that, in the
blowdown, B ·B = −1. By induction, we can blow down to a minimal weak filling W0;
since this can be deformed to a Stein filling, Corollary 2.3 now gives a contradiction. 
Proof of Corollary 1.9. By results of Etnyre [4], if (Y, ξ) is an integral homology sphere
that admits a planar open book decomposition, then the intersection form Q of any
minimal weak symplectic filling W of (Y, ξ) embeds in the negative definite diagonal
lattice ZN for some N . Since Q is unimodular, Q is in fact a direct summand of ZN ,
and in particular it is itself diagonalizable. Therefore, unless the filling is a rational
homology ball, H2(W ) must have a class with self-intersection −1, but this is not
possible by the previous corollary. Finally, since W can be deformed to be a Stein
fillings, it has a handle decomposition with no 3-handles, and hence the inclusion of
the boundary induces a surjection H1(Y ) → H1(W ); thus W is an integral homology
ball. 
There are many examples of planar, fillable integral homology spheres that are not
contactomorphic to the standard tight S3; we discuss these in Section 6.
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We now turn to the calculation of the first Chern class c1(J) for a compatible almost-
complex structure on the Lefschetz fibration. Although planarity is crucial in the next
proposition, much of the proof follows the lines of the well-known calculation of c1 for
Stein domains corresponding to Legendrian surgeries, [10, Proposition 2.3].
Proposition 2.4. Let (Y, ξ) be the contact structure associated to the planar open book
(P, φ). Let (W,ω) be the symplectic filling of (Y, ξ) associated to the factorization of
φ into positive Dehn twists along the curves α1, . . . , αm, oriented coherently with the
outer boundary of P ⊂ D2. If J is an almost-complex structure compatible with ω, and
b1α1 + · · ·+ bmαm represents a class in H2(W ) as above, then
〈c1(J), [b1α1 + · · ·+ bmαm]〉 = b1 + · · ·+ bm.
Note that something similar follows by work of Gay–Stipsicz [6, Corollary 2.3]; they
observe that, up to deformation, (W,ω) embeds in the complement of a line in a blowup
X of CP2. Therefore H2(W ) embeds in the lattice generated by the homology classes
of (some of) the exceptional divisors of X; the first Chern class evaluates as 1 on each
of these divisors, thus recovering an analogue of Proposition 2.4. However, there are
examples of Stein 4-manifolds that admit such an embedding, but are nevertheless not
planar; for instance, the following 4-manifold is realised as a subdomain in blowup of C2,
as the corresponding embedding shows, but the planarity of its boundary is excluded
by Theorem 1.2.
• •
•
•
−2 −2
−3
−2
= • •
•
•
e3−e4 e2−e3
e1−e2−e3
e4−e5
Proof. As before, the space W is obtained from P × D′ by attaching 2-handles. The
complex bundle (TW, J) is trivial over P ×D′, and c1(J) measures the obstruction to
extending a trivialization over the 2-handles. We will argue that for each 2-handle, this
obstruction is the same in the appropriate sense. We can assume that the 2-handles
are attached to fibers of P × D′ over points in a small arc in ∂D′. Fix an embedding
P ⊂ C and trivialize the complex bundle T (P ×D′) = TP ×TD′ over the chosen fibers
by a frame (u, v), where u is a constant vector field in P ⊂ C and v is an inward normal
to ∂D′ in D′ ⊂ C. This trivialization extends to a complex trivialization of T (P ×D′)
over the entire product P × D′. Each 2-handle Hk can be identified with a fixed copy
of D2 ×D2 ⊂ iR2 ×R2, and we can pick a complex trivialization of its tangent bundle
that restricts to the circle S1 × 0 ⊂ Hk as the frame (τ, ν), where τ is the tangent and
ν the outward normal vector fields to S1 = ∂D2 ⊂ iR2. (Indeed, the frame (τ, ν) differs
from the restriction of the product frame to S1 by an element of pi1(SU(2)), and so
(τ, ν) can be extended over the entire handle since SU(2) is simply connected, cf [10,
Proposition 2.3]). When we attach the handle by identifying S1 × 0 ⊂ Hk with the
vanishing cycle αk, ν is identified with v, and τ is identified with the tangent vector
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field to αk. Therefore, ν and v together span a trivial complex line bundle, and c1(J)
equals the first Chern class of the complex line bundle defined by τ and µ. To evaluate
the latter on the core of the handle Hk (as a relative Chern class), we must look at the
rotation number of µ relative to τ along the vanishing cycle αk in the page P . Since
P is planar and αk is a simple closed curve in P , it is clear that this rotation number
equals r = ±1. (The sign depends on the orientation conventions). Note also that the
value of r is the same for all handles, since the tangent bundles over different pages
are identified by our choice of trivialization, and different vanishing cycles in the same
page P ⊂ C are identified via an isotopy in C. It follows that the value of c1(J) on the
homology class given by a linear combination b1α1 + · · ·+ bmαm is given by
〈c1(J), [b1α1 + · · ·+ bmαm]〉 = r(b1 + · · ·+ bm), (2)
where r = ±1.
To pin down the sign, we consider the lens space L(3, 1).
The canonical contact structure ξ0 on L(3, 1) is the Boothby–Wang structure as-
sociated to the disk bundle over S2 with Euler number −3. As mentioned in the
introduction, ξ0 is supported by the open book on the 2-holed disk P , where the mon-
odromy φ is the multi-twist along the boundary; more precisely, Gay–Mark [5] that
this factorisation corresponds (up to deformation equivalence) to the symplectic disk
bundle filling (W,ω) of ξ0. As above, call J an almost-complex structure compatible
with ω.
Note that homology class S of the 0-section of the disk bundle is a generator, and it
is represented by a a symplectic sphere; in particular, its homology class satisfies the
adjunction formula, and the symplectic form integrates positively over it.
The linear combination α1 − α2 − α3, where α1 is parallel to the outer boundary,
represents a generator of H2(W ). Since the corresponding 2-chain is made by a part of
the page (with positive orientation) and three vanishing cycles (where ω vanishes), the
symplectic form integrates positively over this linear combination.
In particular, α1 − α2 − α3 represents the 0-section, with its symplectic orientation.
Applying the adjunction formula and (2)
−r = 〈c1(J), [α1 − α2 − α3]〉 = 〈c1(J), S〉 = S · S + χ(S) = −1,
hence r = 1, as claimed. 
We now use Propositions 2.1 and 2.4 to prove Theorem 1.6.
Proof of Theorem 1.6. Suppose that (W,ω′) is a symplectic filling that contains a sym-
plectic surface of genus g > 0, and call A its homology class. Let J ′ be an almost-
complex structure compatible with ω′. Without loss of generality, we may assume that
(W,ω′) is minimal; then Wendl’s theorem guarantees that there is a deformation from
(ω′, J ′) to (ω, J), such that (W,ω) is supported by a planar Lefschetz fibration, cor-
responding to a factorization of a planar monodromy φ of ξ into positive Dehn twists
along α1, . . . , αm ⊂ P .
Note that 〈c1(J), A〉 = 〈c1(J ′), A〉, since evaluation of c1(J) can only take discrete
values. Representing A as a linear combination [b1α1+· · ·+bmαm], from Proposition 2.4
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we obtain:
〈c1(J), A〉 = b1 + · · ·+ bm.
On the other hand, since A is represented by an ω′-symplectic surface of genus g, it
satisfies the adjunction formula:
〈c1(J ′), A〉 − A · A = 2− 2g ≤ 0.
Putting everything together:∑
(bj + b
2
j) = b1 + · · ·+ bm + b21 + · · ·+ b2m ≤ 0.
However, each of the summands on the left-hand side is non-negative, and evaluates to
0 only if bj ∈ {−1, 0} for each j. If g > 1, we are already done. If g = 1, the signs of all
coefficients of bj agree, and therefore b1α1 + · · · + bmαm cannot represent a nontrivial
linear combination of curves that is null-homologous in P , as desired. 
The previous theorem rules out the presence of symplectic surfaces of genus g > 0.
Symplectic spheres can exist in a weak symplectic filling of a planar contact structure,
and we will now describe their homology classes explicitly in terms of vanishing cycles
of a Lefschetz fibration deformation equivalent to the given minimal symplectic filling.
Let us set up some notation and terminology first. We say that two curves α and
α′ in P ⊂ D2 are separated if there is no hole in P around which both α and α′ have
positive winding number. (Equivalently, this means that α and α′ are homologous to
β = ∂D and β′ = ∂D′ such that D and D′ are disjoint.) We say that α dominates α′,
and we write α  α′, if there is no hole in P around which the winding number of α′
is larger than the winding number of α. (Equivalently, this means that α and α′ are
homologous to β = ∂D and β′ = ∂D′ such that D contains D′.) Note that  is not a
partial order on isotopy classes of curves, but rather it induces one on homology classes
of embedded curves.
Lemma 2.5. Suppose that (W,ω′) is a minimal weak filling of a planar contact manifold
(Y, ξ), deformation equivalent to a Stein filling (W,ω) supported by a planar Lefschetz
fibration with vanishing cycles α1, . . . , αm ⊂ P . If the linear combination b1α1 + · · · +
bmαm of curves represents an embedded symplectic sphere in (W,ω
′), then all coefficients
are either 0 or ±1, and there is exactly one coefficient +1. Without loss of generality,
suppose that the sphere is represented by α1 − α2 − · · · − α`; then α1  αj for every
j = 2, . . . , `, and αj and αj′ are separated for every j 6= j′ among 2, . . . , `.
Proof. The proof is immediate once we write the adjunction formula as in the previous
proof; indeed, the equation ∑
(bj + b
2
j) = 2
implies that all coefficients bj are either 0 or −1, except for exactly one j, for which
bj = −2 or bj = 1. However, the first case is excluded, since otherwise all coefficients
would have the same sign.
The second part of the statement follows from elementary homological considerations
in the page. 
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3. Links of hypersurface singularities
In this section, we turn our attention to links of isolated singularities of complex
hypersurfaces in C3. Consider a complex hypersurface Σ ⊂ C3, given by an equation
F (z1, z2, z3) = 0 with an isolated critical point at the origin, and let (Y, ξ) be the link of
the singularity with its canonical contact structure, so that Y = Σ∩{|z1|2+|z2|2+|z3|2 =
ε}. The manifold (Y, ξ) is Stein fillable, with the standard filling given by the Milnor
fiber {F (z1, z2, z3) = η} ∩ D6 for small η > 0; the Milnor fiber is the smoothing of
Σ ∩ {|z1|2 + |z2|2 + |z3|2 ≤ ε}.
We now consider an example, the link of the D4-singularity. As a 3-manifold, this is
described by the surgery diagram of Figure 2 where e0 = −1/r1 = −1/r2 = −1/r3 = −2;
that is, it is the boundary of the plumbing associated to the graph D4 (see Figure 6).
This example illustrates the main idea of our obstruction and will also be the key case
of Theorem 1.1.
Lemma 3.1. The canonical contact structure on the link of the D4-singularity is not
planar.
Proof. Consider the Milnor fiber W of the D4-singularity. This is a Stein filling of the
canonical contact structure on the link. The intersection form of W is given by the
D4-graph (Figure 6). We label its central vertex X, and the other vertices A, B, C.
For the sake of contradiction, suppose that the canonical contact structure on D4
admits an open book with planar page P . As before, by Wendl’s theorem we know
that W admits the structure of a Lefschetz fibration whose fiber is the page P , and the
vanishing cycles come from a positive factorization of the monodromy. The intersection
form on W can be computed as in Proposition 2.1; we now examine possibilities for
vanishing classes that could produce D4.
Figure 5. Simple closed curves in P are homologous if and only if they
encircle the same holes. The curves shown are homologous but not ho-
motopic in the three-holed disk.
To begin, we need to have four classes with self-intersection −2. By Proposition 2.1,
each of these must be given by the difference of two curves, corresponding to two distinct
vanishing cycles (which could, however, be isotopic as curves in P ); moreover, it must
be a null-homologous linear combination, so the two curves should be homologous.
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This means that the two curves must encircle the same holes of the disk. Note that the
curves do not have to bound an annulus and do not have to be homotopic, see Figure 5.
Let the class of the central vertex X be given by the difference α− β. Similarly, the
class A is given by two homologous curves, and since A · X = 1, exactly one of these
curves must coincide with α or β. We may assume that A corresponds to the difference
γ − α (where the vanishing cycle γ is different from both α and β); note also that α
and β must be distinct. Similarly, both classes B and C must be given by pairs of
vanishing cycles, so that exactly one of the curves in the difference representing each
pair coincides with α or β. However, since A · B = A · C = B · C = 0, no curves may
be used in more than one pair, which is clearly not possible. Indeed, if B is given by
the vanishing cycles β and δ, C can use neither α nor β. 
We are now ready to prove Theorem 1.1.
Proof of Theorem 1.1. Since the Dn-graph contains D4, the argument of Lemma 3.1
applies to show that the link of the Dn-singularity is not planar for any n > 4. For
• • . . . ••
•
•
−2 −2 −2−2
−2
−2
Figure 6. The Dn-graph, which has n vertices, all labeled with −2.
links of all other surface singularities, the theorem follows from previously known results.
Indeed, by [22], the only surface singularities with negative definite Milnor fiber are the
simple singularities An, Dn, En. Etnyre’s theorem says that every filling of a planar
contact structure must be negative definite [4], and since the Milnor fiber gives a Stein
filling, it follows that only the links of A-D-E singularities can be planar. The case of
E8 is ruled out by [4, Theorem 1.2], as the corresponding link is an integral homology
sphere with a non-standard intersection form. The cases of E6 and E7 are similarly
ruled out using [4, Theorem 1.2]: although not stated explicitly in Etnyre’s paper, the
same proof applies to show that for a planar rational homology sphere, the intersection
form of any Stein filling must embed in a negative definite diagonal lattice. The links of
E6 and E7 are rational homology spheres; the corresponding Milnor fibers, i.e. fillings
given by the plumbing graphs, have intersection forms E6 and E7. Neither embeds into
the standard lattice, thus the canonical structures on the links of E6 and E7 cannot be
planar.
Alternatively, the cases of E6 and E7 follow from Lemma 3.1, as the E6- and E7-
graphs both contain the D4-graph.
Finally, the links of the An-singularities are the lens spaces L(n + 1, n), and their
canonical contact structures are easily seen to be planar [21]. 
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4. The homological obstruction
We now prove Theorem 1.4; the argument is very similar to the proof of Lemma 3.1.
As in Section 2, we use the notation αb to denote the linear combination b1α1 + · · · +
bmαm of curves associated to the m-tuple b = (b1, . . . , bm). Moreover, given an m-tuple
b, we call the set {i | bi 6= 0} the support of b. In other words, the support of b is the
set of curves used by αb. By extension, we also call the same set the support of the
associated homology class [αb] (when this makes sense).
Lemma 4.1. Suppose W is the minimal filling of the contact structure (Y, ξ), associated
to the factorization of the monodromy φ : P → P , where P is planar. Suppose B1, B2 ∈
H2(W ) satisfy
B1 ·B1, B2 ·B2 ∈ {−2,−3}, B1 ·B2 = 0.
Then, B1 and B2 have disjoint support.
Proof. The proof is split into three cases:
(1) B1 ·B1 = B2 ·B2 = −2,
(2) B1 ·B1 = −2, B2 ·B2 = −3, and
(3) B1 ·B1 = B2 ·B2 = −3.
(The case B1 · B1 = −3, B2 · B2 = −2 is clearly symmetric to the second case, so we
can omit it.)
To fix the notation, suppose that W is associated to the factorisation of φ into Dehn
twists along curves α1, . . . , αm. We recall that, if a class in a minimal weak filling
of a planar contact structure has self-intersection −2, then it is represented by the
difference of two homologous curves. Along the same lines, if a class as above has
self-intersection −3, it corresponds to a linear combination ±(αi − αj − αk), where
[αi] = [αj] + [αk] ∈ H1(P ). In particular, there are holes in P around which both αi
and αj (respectively, αk) have both winding number 1.
(1) Without loss of generality, suppose that B1 = [α1 − α2], where α1 and α2
are homologous. If the support of B2 is not disjoint from that of B1, then
B2 = [αi−αj] where i or j is either 1 or 2, and αi and αj are homologous. One
easily sees that neither combination works: for example, if B2 = α3 − α1 with
α3 6= α1, α2, then B1 ·B2 = 1, if B2 = α2−α1, then B1 ·B2 = 2, and other cases
are similar.
(2) As above, suppose B1 = α1 − α2. If the support of B2 is not disjoint from that
of B1, the only possibility is that ±B2 = [α3 − α1 − α2], since α1 and α2 must
appear with the same sign. But α1 and α2 have winding number 1 around the
same holes, and so their sum cannot be homologous to a simple closed curve α3.
(3) Without loss of generality, suppose that B1 = [α1 − α2 − α3]. (Note that here
we are using that the assumptions are unchanged if we change sign to either
B1 or B2.) Suppose that the support of B2 is not disjoint from that of B1. Up
to relabeling the indices and up to changing the sign of B2, the only possibility
is that B2 = [α4 − α1 − α2]. But, again, as observed above, α1 and α2 have
winding number 1 around some hole, and so their sum cannot be homologous
to a simple closed curve α4. 
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Proof of Theorem 1.4. Suppose we have a configuration of curves B1, . . . , Bk, X as in
the statement. By the previous lemma, B1, . . . , Bk have pairwise disjoint supports.
Since X meets non-trivially each of B1, . . . , Bk, its support must intersect at least the
support of each of them, and in particular X ·X ≥ k, thus leading to a contradiction. 
Proof of Corollary 1.5. For Seifert fibered L-spaces M(−2; r1, r2, r3), classification of
tight contact structures was given in [7]. Every tight contact structure on this space
can be obtained by expanding the rational parameters − 1
ri
as continued fractions,
− 1
ri
= ai0 −
1
ai1 −
1
ai2 − · · ·
and making a Legendrian surgery diagram where each − 1
ri
-framed circle is replaced
by a chain of Legendrian unknots with Thurston–Bennequin numbers given by the
coefficients ai0+1, a
i
1+1, . . . . Since by assumption r1, r2, r3 ≥ 13 , we have that a10, a20, a30 ∈{−2,−3}. Thus, the corresponding plumbing graph for the Stein filling satisfies the
hypotheses of Theorem 1.4, and therefore the contact structure is not planar. 
We observe that Theorem 1.4 applies in many situations where the filling is not a
plumbing of spheres.
L0
L1 Lk
Figure 7. The Legendrian surgery diagram for Example 4.2. The Leg-
endrian knot Li have k− 1 < tb(L0) < 0, tb(L1), . . . , tb(Lk) ∈ {−1,−2}.
Example 4.2. Consider the Legendrian surgery diagram of Figure 7, where k > 2 and
the Legendrian tangles L0, . . . , Lk satisfy the following properties:
• the closure of L0 is a Legendrian knot with 1− k < tb(L0) < 0;
• for each i > 0 the closure of Li is a Legendrian link; the closure of the arc in
the tangle is a Legendrian knot L0i with tb(L
0
i ) ∈ {−1,−2} for each i;
• at least one of the knots L0, L01, . . . , L0k is nontrivial.
Then the corresponding Stein 4-manifold (W,J) is not diffeomorphic to a plumbing of
spheres, but it contains a configuration of homology classes that satisfy the assumptions
of Theorem 1.4. Therefore, the boundary (Y, ξ) of (W,J) is not a planar contact
manifold.
Finally, we observe that the technique of the proof of Theorem 1.4 does indeed
have a limit. Indeed, the configuration corresponding to the plumbing graph of the
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Seifert fibered space M(−2; 1/2, 1/2, 1/4) is unobstructed, as the following embedding
(of intersection forms) exhibits:
• •
•
•
−2 −2
−4
−2
= • •
•
•
α2−α3 α3−α4
α1+α2−α5−α6
α1−α2
Note that this embedding is in fact realised in the intersection form of the (unique) filling
of L(6, 5) associated to the open book (S1×I, τ 6) (here τ is the right-handed Dehn twist
along the core of the annulus); the underlying 4-manifold is diffeomorphic to a linear
plumbing of five spheres of self-intersection −2 (represented by α1 − α2, . . . , α5 − α6).
5. Links of normal surface singularities
The goal of this section is to prove Theorem 1.2. We will use terminology and results
from Section 2 without explicit mention; before proving the theorem, we recall a few
facts and definitions concerning resolutions of surface singularities and plumbing graphs.
Recall that given a complex surface X with an isolated singularity at 0, we can con-
sider its resolution pi : X˜ → X. The resolution is good if the irreducible components
of the exceptional divisor pi−1(0) are smooth complex curves that intersect transversely
at double points only. The (dual) resolution graph Γ has vertices corresponding to ir-
reducible components of the exceptional divisor; each vertex is labeled by the genus of
the corresponding curve and its self-intersection (weight). The edges of Γ record inter-
sections of different irreducible components of the exceptional divisor. The 3-manifold
Y is then the boundary of the plumbing of disk bundles over surfaces according to Γ.
A good resolution is not unique but plumbing graphs arising from different resolutions
are related by a finite sequence of blow-ups/blow-downs of vertices corresponding to
spheres with self-intersection −1. It is known that a surface singularity is normal if and
only if its plumbing graph is negative-definite. (This property simultaneously holds or
fails for plumbing graphs of all good resolutions.) For a graph with negative integer
weights associated to its vertices, recall that a bad vertex is a vertex v with weight
−w(v) such that
0 < w(v) < valence of v.
A normal surface singularity is known to be rational if its graph has no bad vertices,
but the converse is not true. (We refer the reader to [13] for details of the definitions
above and their topological significance.) Ne´methi [14] proved that a normal surface
singularity is rational if and only if its link is an L-space. Using this, Theorem 1.2
implies that if the canonical contact structure on a link of singularity is planar, then
this link must be an L-space.
As mentioned in the introduction, it was proved by Scho¨nenberger [21] that canonical
contact structures are planar for links of normal surface singularities whose plumbing
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graph has no bad vertices. More precisely, consider a plumbing graph where all vertices
are spheres with weight less than −1. The corresponding surgery diagram admits a
Legendrian realization, so that the plumbing graph gives a Stein filling for the contact
manifold constructed from the Legendrian surgery diagram. Scho¨nenberger showed that
any contact structure obtained from a plumbing tree without bad vertices (as above)
is planar [21]. Note that Scho¨nenberger considers an arbitrary Legendrian realizations
of the plumbing graph, which is more general than the canonical contact structures in
Theorem 1.2.
We begin with two lemmas; both are probably well-known, but for convenience we
give their proofs.
Lemma 5.1. Suppose the graph Γ is minimal, i.e. it contains no vertices of weight −1
given by spheres. Then (W,ω′) is minimal.
Proof. The assumption on Γ translates as: for each vertex Ei, either the weight wi =
Ei · Ei satisfies wi < −1, or wi = −1 and g(Ei) > 0.
We claim that no homology class E =
∑
i aiEi on which ω integrates positively can
satisfy E · E = −1 and g(E) = 0; in fact, such a class would also have to satisfy
c1(E) = 1, by adjunction.
We first claim that all the coefficients ai are all positive. Since any class with all
negative coefficients cannot obviously be symplectic, it is enough to show that all coef-
ficients must have the same sign. First, we observe that the class E is indecomposable,
i.e. if we write E = E ′ + E ′′, where E ′ · E ′′ = 0, then either E ′ = 0 or E ′′ = 0; in
fact, since Γ is negative definite, if E decomposed as E ′ + E ′′, both E ′ and E ′′ would
have negative square, and E · E = E ′ · E ′ + E ′′ · E ′′ ≤ −2. This, in turn, implies
that the support of E, i.e. the set of vertices for which ai 6= 0, is connected. Suppose
now that the coefficients do not all have the same sign; then there are two coefficients
ai < 0 < aj such that Ei · Ej = 1. Write |E| for the homology class |E| =
∑
i |ai|Ei.
We now observe that
−1 = E ·E =
∑
i
a2iwi +
∑
i,j
aiajEi ·Ej <
∑
i
a2iwi +
∑
i,j
|ai||aj|Ei ·Ej = |E| · |E| ≤ −1.
Now we know that ai ≥ 0 for each i. Adjunction for each vertex shows that c1(Ei) =
2− 2g(Ei) + wi, and the latter quantity is never positive by assumption. Hence,
1 = c1(E) =
∑
i
aic1(Ei) ≤ 0. 
Lemma 5.2. Let (C, 0) be a curve singularity in (C2, 0). The Milnor fiber of C has
genus 0 if and only if (C, 0) is either smooth or a double point.
Proof. Indeed, if g is the genus of the Milnor fiber of (C, 0), µ its Milnor number, r its
number of branches, and δ its delta-invariant, then g = 1 + δ− r; since the multiplicity
of (C, 0) is at least r, then δ ≥ r(r − 1)/2, g is positive unless the singular point is
smooth or an ordinary double point. (See, for instance, [3, Pages 572–574] for more
details.) 
We now turn to the proof of Theorem 1.2. The strategy is the following. Suppose
we have a normal surface singularity, and let Γ be the graph associated to its smallest
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good resolution. If Γ is not minimal, then we blow down to the minimal graph; we
will show that this either has a singular curve or a point of higher intersection (e.g. a
tangency or a singular point with more than two branches). In either of the two cases,
we can construct a divisor by smoothing (some of) the singularities, and this divisor
will have positive genus. If, on the other hand, Γ is minimal, we will apply Wendl’s
theorem, and argue that there can be no vertices with higher genus, nor cycles in the
graph, nor bad vertices (in a way similar to the proof of 1.4).
Proof of Theorem 1.2. The canonical contact structure of the link of a normal surface
singularity (X, 0) ⊂ CN has a symplectic filling given by a good resolution pi : X˜ → X.
Note that X˜ lives in a blowup of CN , hence it is Ka¨hler, and in particular it has
a symplectic form ω′; the preimage pi−1(0) is a complex divisor, and in particular
it is symplectic. More precisely, Y = X ∩ S2N−1ε is filled by W = pi−1(D2Nε ), with
the (restriction of the) symplectic structure ω′. The irreducible components of the
exceptional divisor are then symplectic surfaces in X˜, so that (Y, ξ) is the convex
boundary of a plumbing of symplectic surfaces; as in the introduction, the plumbing is
encoded by the resolution graph Γ.
We would like to use Wendl’s theorem and arguments with vanishing cycles as before,
however the filling (W,ω′) is not necessarily minimal, and we have to perform some
blow-downs before a compatible Lefschetz fibration can be found. Reduction to the
case of minimal fillings is done as follows. If (W,ω′) is not minimal, i.e. it contains a
symplectic sphere E with E · E = −1, we use Lemma 5.1 to find a vertex of genus 0
and weight −1 in the graph Γ. Suppose now that the graph Γ contains vertices of genus
0 and weight −1. We blow down the corresponding divisors until we get a minimal
graph. The corresponding resolution may no longer be good; there may be singular
curves among the components of the exceptional divisor or multiple intersection points.
We can smooth out the singular curve by replacing the singular point (of the curve in
a surface) by its Milnor fiber. Similarly, if there are intersection points of multiplicity
greater than 2 or tangencies, we also smooth them out (as a reducible singularity). This
process creates a divisor of positive genus, because, thanks to Lemma 5.2, the Milnor
fibre of a curve singularity is planar if and only if we have a smooth or a double point.
As a result, we found a symplectic surface of positive genus in a symplectic filling of
(Y, ξ), so by Theorem 1.6, (Y, ξ) cannot be planar in this case.
It remains to prove the statement of the theorem for the case where a good resolution
X˜ is also minimal, i.e. (W,ω′) contains no spheres of self-intersection −1. Obviously, in
this case Γ contains no vertices corresponding to spheres with weight −1. The minimal
weak symplectic filling (W,ω′) is deformation equivalent to a Lefschetz fibration, and
we can use the results of Section 2. We need to prove the following three facts, for
(Y, ξ) planar:
(g) all surfaces in the plumbing have genus 0;
(c) there are no cycles in the graph;
(b) the graph has no bad vertices.
Condition (g) is guaranteed by Theorem 1.6, so we only need to prove conditions (c)
and (b).
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(c) Suppose that there is a cycle; namely, that there are classes A1, . . . , Ac+1 =
A1, such that Ak · Ak+1 = 1 for every k = 1, . . . c. The divisor A1 ∪ · · · ∪
Ac is represented by symplectic spheres with positive, transverse intersections;
smoothing all intersections, we obtain a symplectic torus, which contradicts
Theorem 1.6.
(b) The filling (W,ω′) is deformation equivalent to a Lefschetz fibration with the
planar fiber; write α1, . . . αm for its vanishing cycles. The argument is now
similar to the one in the proof of Theorem 1.4. Suppose B is a vertex of the
graph with B · B = `, connected to vertices A1, . . . , An. Lemma 2.5 describes
the class of B; without loss of generality, assume that B = α1 − α2 − · · · − α`,
so that α1 dominates the curves α2, . . . , α`.
Again by Lemma 2.5, we know that there exist indices ik and collections of
indices Jk 63 ik such that Ak = [αik −
∑
j∈Jk αj], with αik  αj for every j ∈ Jk.
For convenience, let JB = {2, . . . , `}. We can then compute:
0 = Ak · Ak′ = δ(ik, Jk′) + δ(ik′ , Jk)− δ(ik, ik′)−#(Jk ∩ Jk′), (3)
1 = B · Ak = δ(1, Jk) + δ(ik, JB)− δ(1, ik)−#(JB ∩ Jk) (4)
where δ(i, J) = 1 if i ∈ J , and is 0 otherwise, and δ(i, i′) = 1 if i = i′, and is 0
otherwise.
Let us focus on (4) first. From it, we deduce that at least one among 1 ∈ Jk
and ik ∈ JB holds. Suppose that both hold simultaneously; then α1  αik and
αik  α1, which implies that the two curves α1 and αik are homologous, and
therefore that B = [α1−αik ] and Ak = [αik −α1], which clearly contradicts the
assumption that B · Ak = 1.
Next, we claim that 1 ∈ Jk can only hold for at most one of the classes
Ak = [αik −
∑
j∈Jk αj]. Indeed, suppose that we have 1 ∈ Jk and 1 ∈ Jk′ for
two distinct classes Ak, Ak′ . This implies that both leading terms αik and αik′
dominate α1. Then we must have αik 6∈ Jk′ , because otherwise αik would be
separated from α1, and similarly αik′ 6∈ Jk. It follows that Ak · Ak′ ≤ −1, a
contradiction.
Finally, we want to show that ik 6= ik′ for every pair k, k′; to this end, we
use (3). Suppose that there are two indices, k, k′, such that ik = ik′ = i; this
implies that i 6∈ Jk, Jk′ , and that δ(ik, ik′) = 1. But then 0 = Ak · Ak′ ≤ −1,
clearly a contradiction.
Summarizing, we see that the set JB = {2, . . . , `} must contain all the leading
elements i1, . . . in of the classes A1, . . . , An, except possibly one. Since i1, . . . in
are all distinct, it follows that that n ≤ `, i.e. that B is not a bad vertex. 
We conclude this section with the proof of Corollary 1.3.
Proof of Corollary 1.3. Let (Y, ξ) be a planar contact 3-manifold. The proof of The-
orem 1.2 above shows that no filling of (Y, ξ) can contain the exceptional divisor of
a resolution of a non-planar singularity. If there were a strong symplectic cobordism
(W ′, ω′) from the link (Ys, ξs) of a non-planar normal surface singularity to (Y, ξ), then
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one could glue the resolution of (Ys, ξs) to obtain a strong symplectic filling (W,ω) of
(Y, ξ) containing a forbidden configuration.
The second half of the statement is now straightforward, since a deformation from
(S, 0) to (S ′, 0) gives rise to a Weinstein cobordism from the link of (S ′, 0) to the link
of (S, 0). 
6. Planar Lefschetz fibrations with prescribed fundamental group
We will now construct planar Lefschetz fibrations with prescribed fundamental group.
Recall that the deficiency of a presentation 〈x1, . . . , xm | r1, . . . , rn〉 is m − n, and
that the deficiency of a finitely presented group is the maximal deficiency over all its
presentations. A group is perfect if its abelianization is trivial.
Proposition 6.1. Let G be a finitely presented group. Then there exists a planar
Lefschetz fibration on a 4-manifold W with fundamental group G. Moreover, if G is
perfect and has deficiency 0, W can be chosen to be an integral homology Stein 4-ball.
In this case, ∂W is an integral homology 3-sphere.
The family of perfect, finitely presented groups of deficiency 0 is quite rich: for
instance, it contains fundamental groups of integral homology spheres. In fact, let
G = pi1(Y ) be the fundamental group of an integral homology 3-sphere Y ; G is perfect
since its abelianization is H1(Y ) = 0. Moreover, G has non-positive deficiency, since
it is perfect; it has non-negative deficiency since a genus-g Heegaard decomposition of
Y gives a presentation of G with g generators and g relators (which is, in particular, a
finite presentation).
The proof of Proposition 6.1 easily follows from the following lemma.
Lemma 6.2. Let 〈x1, . . . , xm | r1, . . . , rm−d〉 be a presentation of a group G of deficiency
d. Then there exists another presentation 〈y1, . . . , yn | s1, . . . , sn−d〉 of G such that:
(p) each word sj is a positive word in y1, . . . , yn;
(r) each generator yi appears at most once in each word s1, . . . , sn−d;
(c) the cyclic order of the generators yi is preserved in each word sj.
Proof of Proposition 6.1. By Lemma 6.2, G has a presentation 〈y1, . . . , yn | s1, . . . , sn−d〉
with the properties (p), (r), and (c) as above. Consider the n-holed disk P , with
fundamental group pi1(P ) = 〈y1, . . . , yn〉. We assume that the generators y1, y2, . . . , yn
are given by loops going around one hole each, as in Figure 8a. By the properties
(p), (r), and (c), each word sj is represented by an embedded simple closed curve αj
in P . Indeed, since by (p) and (r) each generator enters in the word sj positively
and at most once, we can take the curve αj enclosing the corresponding holes, with
a counterclockwise orientation. By (c), the cyclic order of the generators in the loop
given by αj is the same as in the word sj; it follows that αj represents sj. See Figure 8b
for an example. Let φ be the product of positive Dehn twists along α1, . . . , αn−d. By
construction, the associated Lefschetz fibration W is a Stein domain whose fundamental
group is precisely G.
If G is perfect, H1(W ) = G/G
′ vanishes; if, moreover, G has deficiency 0, using a
presentation with d = 0 yields H2(W ) = 0, since the classes α1, . . . , αn are linearly
independent in H1(P ). 
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y1
y2
y3
y4
y5
(a) The chosen generators of the fun-
damental group of the 5-holed disk,
with basepoint in the center.
y1
y2
y3
y4
y5
(b) A simple closed curve representa-
tive for the word y3y5y1.
Figure 8. Generators and a simple closed curve in the 5-holed disk.
Before proving the lemma, let us introduce the concept of badness for a presentation.
We say that a word is long if its length is at least 3, and short if it is of length 2. Given a
presentation P = 〈a1, . . . , am | w1, . . . , wm−d〉, we define its badness b(P) as follows. Let
b−(P) be sum of the number of occurrences of a−1i over all generators ai; let also bi+(P) be
sum of the number of occurrences of ai in long words, and b+(P) =
∑
i max{bi+(P)−1, 0}
(that is, we are ignoring the first appearance of each ai in long words, if there is one,
as well as all appearances of ai in short words). Let b(P) = b−(P) + b+(P).
For instance, consider the presentation P = 〈a, b, c, d | bad, cab, ab−1ac−1〉; then we
have b−(P) = 2, ba+(P) = 4, bb+(P) = 2, bc+(P) = bd+(P) = 1, and hence b(P) = 6.
A key feature of b that will be used in the proof is that it is insensitive to the labelling
of the generators, in the sense that it is invariant under permutation of the indices of
generators.
Proof of Lemma 6.2. Notice that a presentation of badness 0 satisfies properties (p), (r),
and (c), up to reordering the generators. (The converse, however, is not true.) In fact,
short words respect all cyclic orders, and, when the badness is 0, each generator appears
in at most one long word; hence each long word can be used to define a compatible
order on the corresponding subset of generators.
To prove the lemma, it is enough to show that, given a presentation P of deficiency
d and positive badness, we can always find another presentation P ′ for the same group
with the same deficiency and with b(P ′) < b(P).
There are three cases to consider. Either the inverse of a generator appears, or a
generator appears more than once somewhere in the presentation. Without loss of
generality, assume that that this generator is a1, and let w be one of the culprit words.
In the first case, the presentation P ′ is obtained from P by adding a generator am+1
and the relation a1am+1, so that am+1 = a
−1
1 ; we then replace one occurrence of a
−1
1
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in w1 by am+1. We have replaced one occurrence of a
−1
1 with a new generator, so
b−(P ′) = b−(P)− 1, and we created a positive short word, so b+(P ′) = b+(P).
In the second case, we add two generators am+1, am+2 and the relations a1am+1,
am+1am+2, so that am+2 = a
−1
m+1 = a1; we then replace one occurrence of a1 in w by
am+2. We have replaced one extra occurrence of a1 with a new generator, and created
two positive short words, so b−(P ′) = b−(P) and b+(P ′) = b+(P)− 1.
In either case, b(P ′) = b(P)− 1, and this concludes the proof of the lemma. 
In fact, one can extract a bound on the Euler characteristic of the page P in terms
of the original presentation P for G: the algorithm above gives a page P with χ(P ) ≥
1− n− 2b+(P)− b−(P).
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